Extended hydrodynamics of the degenerate partially spin polarized fermions with the short-range interaction up to the third order by the interaction radius approximation A possibility of the hydrodynamic description of ultracold fermions via the microscopic derivation of the model is described. Differently truncated hydrodynamic models are derived and compared. All models are based on the microscopic many-particle Schrödinger equation. Minimal coupling model based on the continuity and Euler equations are considered. The extended hydrodynamic model including the independent dynamics of the momentum flux (the pressure evolution) is derived. Influence of the spin polarization is described. The short-range interaction is considered in the isotropic limit. The interaction is considered up to the third order by the interaction radius. Therefore, the single fluid model of spin-1/2 fermions and the two fluid model of spin-1/2 fermions are under consideration in this paper. Spectra of bulk collective excitations are derived and compared in terms of different models.
I. INTRODUCTION
Currently, the ultracold fermions [1] [2] [3] [4] [5] has interest equal to the interest to the Bose-Einstein condensates (BECs). However, there is a simple tool for the theoretical analysis of BEC. It is the Gross-Pitaevskii equation or equivalent quantum hydrodynamic equations [6] . But the application of similar tools for the ultracold fermions is limited [7] . While the application of kinetic models seems to be more sophisticated. However, the hydrodynamic models are considerably simpler. So, it is highly useful for description of static and dynamic behavior of fermions. A wider possibility of application of the quantum hydrodynamic models to the ultracold fermions is discussed here. A systematic derivation of mean-field models of fermions starting from the microscopic Schrödinger equation is developed. Let us point out that spin-1/2 fermions with repulsive short-range interaction between spin-up and spindown fermions are considered. Moreover, the interaction between fermions of the same spin projection is included.
Simple look on the hydrodynamic model shows that the application of the equilibrium Fermi pressure to the dynamical processes such as the wave propagation gives partially incorrect results. This problem can be solved ad hoc by introduction of the advanced equation of state. However, deeper look on this problem is suggested in Refs. [8, 9] , where spectra of the collective excitations of degenerate charged fermions are studied by extended sets of hydrodynamic equations. The second order hydrodynamics including the pressure tensor evolution and the fourth order hydrodynamics including evolution of tensors up to the average of product of four momentums are developed and applied to consider properties * Electronic address: andreevpa@physics.msu.ru of degenerate repulsive fermions. This analysis is based on the kinetic model, which is a macroscopic method. While our goal is the microscopic justification based on the Schrödinger equation of hydrodynamic model of fermions.
The goal of this paper is the hydrodynamic model of sound waves. Therefore, extended model is limited by the account of the pressure tensor evolution equation in addition to the continuity and Euler equations. Presenting derivation is based on the many-particle quantum hydrodynamic method developed in Refs. [10] [11] [12] [13] . Further development of this method for the derivation of the pressure evolution equation and calculation of the shortrange interaction in this equation is demonstrated.
The application of simple hydrodynamic model for description of collective motion of fermions goes back to the first half of the XX century (Bloch's hydrodynamic theory) [14] . The last decades show application of simple hydrodynamic model [15] along with the development of new modifications [16, 17] .
We can describe fermions as the single fluid. Or we can consider spin-s fermions as 2s + 1 different fluids. Both regimes are studied below. Description of spin-s bosons as several fluids is widely used being sometimes hidden as spinor nonlinear Pauli (Schrödinger) equation [18] [19] [20] [21] [22] [23] [24] . Two-fluid model of the partially spin polarized spin-1/2 fermions in the first order by the interaction radius is discussed in Ref. [25] . The spin waves are addressed there via the dynamics of the hydrodynamic spin density. It is presented along with the sound waves.
This paper is organized as follows. In Sec. II the formulation of basic ideas of the many-particle quantum hydrodynamics method is presented. In Sec III the feature of the short-range interaction in the momentum balance equation are described. In Sec. IV the contribution of the short-range interaction in the momentum flux balance equation is presented. In Sec. V equation for the pressure tensor is discussed. In Sec. VI features of the minimal coupling model based hydrodynamic equations with no pressure evolution are described in the first order by the interaction radius. In Sec. VII the minimal coupling model is demonstrated in the third order by the interaction radius. In Sec. VIII separate spin evolution extended hydrodynamics is presented. In Sec. IX the linear collective excitations are considered. In Sec. X a brief summary of obtained results is presented.
II. DERIVATION OF HYDRODYNAMIC EQUATIONS
A. General structure of equations Many collective processes, such as the formation of different structures, clasters, cristals, formation of wave patterns, solitons, vorticities reveal patterns in three dimensional physical space. However, the fundamental microscopic theories (the classical mechanics and the quantum mechanics) are formulated in multudimensional configurational space. Proper description of the collective effects requires representation of the mechanics in terms of the field variables defined in three-dimensional physical space. So happened that the hydrodynamics is a natural representation of classic and quantum mechanics in physical space in terms of collective observables. This conclusion does not introduces the concept that this is one possible representation. The density functional theory is another example of similar class of models. Moreover, the hydrodynamics is not structures existing in the momentum space, where kinetic model have obvious advantage.
It is well-known that the hydrodynamic equations can be derived from the kinetic theory. However, proper truncation procedure for degenerate fermions requires the account of the pressure tensor evolution [8, 9] . Although some kinetic models can be derived from the microscopic theories, so there is a link between the hydrodynamics and the microscopic description, there is more ambitious problem. It is the direct derivation of hydrodynamic equations from the microscopic theories. Being focused on the degenerate fermions which is a quantum system, it is necessary to start the derivation from the many-particle Schrödinger equation ıh∂ t Ψ =ĤΨ. Neutral fermions interact by the short-range interaction which can be presented by the potential of general form U ij = U (r i − r j ), where i and j are numbers of particles. External fields creating traps are also included in the microscopic model via corresponding potential V ext (r i , t).
Overall, the fermions can be described by rather simple Hamiltonian
where m i is the mass of i-th particle,p i = −ıh∇ i is the momentum of i-th particle.
We consider interacting fermions. However, we restrict ourselves with the repulsive interaction since the attraction between fermions with different spin projections leads to the Cooper pair formation and formation of dimers.
Our goal is to create a model of collective motion of degenerate fermions. To this end, we need to chose a suitable collective variables. One of simple traditional hydrodynamic variables is the local concentration of particles. It is a scalar field defined in the following form n(r, t) = dR i δ(r − r i )Ψ * (R, t)Ψ(R, t),
where dR = N i=1 dr i is the element of volume in 3N dimensional configurational space, with N is the number of particles. This definition is made in accordance with definition of the quantum observables as the quantum average of the corresponding operator. The operator of concentration is chosen as the quantization of the classic microscopic local concentration which is a sum of N delta functions depicting the point-like objectsn = i δ(r − r i ).
In the definition of the concentration (2) it is assumed that the many-particle wave function is normalized on 1. It would be an incomplete expression for the infinite motion of particles which happens for the infinite mediums. Therefore, let us keep in mind expression n = dR i δ(r − r i )Ψ * (R, t)Ψ(R, t)/ dRΨ * (R, t)Ψ(R, t) while explicit calculations are made with expression (2). Coefficient 1/ dRΨ * (R, t)Ψ(R, t) does not depend on r and t. Hence, it can be considered as a constant. Therefore, the coefficient does not affect the presented calculations.
To obtain an equation governing the evolution of concentration it is necessary to take derivative of function (2) with respect to time. This derivative acts on the wave functions located under the integral. The time derivative of the wave function is obtained from the Schrödinger equation via the Hamiltonian of the system. After the straightforward calculation find that the time derivative of concentration is equal to the divergence of the vector function. It gives the continuity equation:
where the current j is defined via the many-particle wave function of the system:
The derivation of the continuity equation (3) provides the extra collective variable.
The many-particle wave function is an equivalent of 2N independent real scalar functions of three coordinates.
Number N comes from the number of particles while number 2 comes from the fact that each single particle wave function (which is a complex function) is equivalent to two real functions. On this stage we have four functions: one scalar function n and three projections of the current j. Therefore, we can expect appearance of 2N −4 functions if N > 2.
If we have a representation of the two particle system the set of functions n and j looks complete.
For the single particle systems, the current simplifies to the gradient of the scalar function j = n∇ϕ, where ϕ is the potential of the velocity field v ≡ j/n = ∇ϕ.
Anyway, it is necessary to derive equation for the current evolution. Let us mention that mj is the density of momentum. Hence, equation for j is the momentum evolution equation. For the derivation of the momentum balance equation differentiate the definition of current (3) with respect to time. Use the Schrödinger equation for the time derivatives of the wave function. During calculation separate two kinds of terms. The terms containing the interaction which give the force field and the terms which have the kinetic nature. The last group appears as the divergence of a second rank tensor. The momentum balance equation has the following structure
where
is the momentum flux (containing the pressure tensor), and
with the following expression for the two-particle concentration
(8) The external force field (the density of the force) can be also introduced F α ext = −n∂ α V ext . Two force fields combined together give the full force field F α = F α ext + F α int .
There are models of fermions, including the degenerate fermions, where the truncation is made in the momentum balance equation. So, the dynamics of fermions is described by two equation. These hydrodynamic models approximately correspond to the non-linear Schrödinger equations. However, these hydrodynamic models have a fundamental drawback.
Explain it for the degenerate fermions. The models require an equation of state for the pressure. An approximate expression is usually taken in the form of the equilibrium ideal quantum gas pressure. The application of the equilibrium expression to the dynamical processes is questionable. However, this problem is more complicated when the choice of the equation of state. It is demonstrated that the dynamics of fermions requires evolution equation for the pressure tensor with the account of the nondiagonal elements [8] . It is necessary even for the degenerate fermions.
Below, we consider a model based on the continuity and the momentum balance equation, but now we develop a background for the more appropriate models.
Consider the evolution of the momentum flux tensor (6) . Similarly to the derivation described above, take the derivative of tensor (6) with respect to time and apply the Schrödinger equation.
Derivation of the momentum flux evolution (leading to the pressure evolution equation) is more bulging, but it is similar to the derivation of the momentum balance equation. The result has the following form
is the extra flux function of higher tensor dimension, it can be called the flux of the momentum flux, the trace of tensor L αβγ on two indexes and find the energy flux q α = L αββ and the following expression for the two-particle current-concentration function
If quantum correlations are dropped function j α 2 (r, r ′ , t) splits on product of the current j α (r, t) and the concentration n(r ′ , t).
Extended sets of hydrodynamic equations are used in plasma physics. An example is discussed in Ref. [26] .
The application of the kinetic equation suggests that a partial truncation is made since the kinetic equations form a chain of equations, hence the single kinetic equation such as the Vlasov or Boltzmann equation is a truncated model. Deriving the hydrodynamic equations from the microscopic theory we need to introduce all necessary truncations in terms of hydrodynamic variables or the wave functions constructing the hydrodynamic variables.
B. Velocity field in the hydrodynamic equations
Traditionally the hydrodynamic equations are written in terms of the velocity field v. The transition to the velocity field also allows to calculate the functions related to the thermal effects or other mechanisms of the distribution of particles on quantum states with different energies like the Pauli blocking.
The velocity field itself can be defined via the concentration of particles n(r, t) and the particle current j(r, t) in the following way: v = j/n. Next, consider the particle current in more details. To this end, represent the many-particle wave function Ψ via two real functions Ψ(R, t) = a(R, t) exp(ıS(R, t)/h) (the exponential form of the complex function), where a(R, t) ∈ ℜ and S(R, t) ∈ ℜ. Therefore, the current j (4) can be represented as follows
where it is assumed that all particles belongs to the single species, and, therefore, have equal mass. Functionh∇ i S/m can be interpreted as the velocity of i-th quantum particle. It is in agreement with the fact that the current j is proportional to the velocity field being the average velocity v multiplied by the concentration n. Since v is the average velocity the full velocity of each particle is the superposition of the average velocity and the deviation from the average velocity u i (r, R, t). Mostly this deviation is related to the thermal motion. Therefore, it is called the thermal velocity of i-th particle. It leads to a representation of the current
which gives the following equation for the thermal part of the current
Similar can be written for the two-particle currentconcentration function
with
where the last term is not equal to zero, since it contains an extra delta function under the integral. Obtained representation is in agreement with the correlationless form of j 2 described after equation (11) . Consider it in more depth. Function n 2 (r, r ′ , t) splits as n 2 (r, r ′ , t) = n(r, t)n(r ′ , t) and nv = j. The second term in (15) splits on n(r ′ , t) · dR i δ(r − r i )a 2 u i , where the last multiplier is equal to zero. Use the exponential form of the complex function Ψ(R, t) = a(R, t) exp(ıS(R, t)/h) for the analysis of the momentum flux Π αβ . Substitute equation Ψ(R, t) = a(R, t) exp(ıS(R, t)/h) in the definition of the momentum flux (6) . After some calculations, find the following microscopic representation
As it is stated above ∇ α i S/m is the microscopic velocity of i-th quantum particle. Therefore, the first term in equation (17) can be rewritten as
Next, split the velocity of each part on the local average velocity and the thermal velocity v α i (R, t) = v α (r, t) + u α i (R, r, t). It gives four terms. Two of them are equal to zero due to the condition (14) . Two nonzero terms can be written in the following form Π αβ cl = nv α v β + p αβ , where
is the thermal pressure tensor. The thermal pressure tensor in a comoving frame (it is a remnance of the stress tensor in the noninteracting limit) becomes diagonal p αβ = p · δ αβ , where p is the local pressure. Tensor p αβ = p · δ αβ is related to the distribution of particles on quantum states with different momentum. In the degenerate regime, the nondiagonal elements of this tensor describe the Fermi sphere deformation. Consider the two last terms in equation (17) . They are proportional to the square of the Plank constanth 2 . Hence, it is expected that they give some quantum contribution in the momentum flux:
Tensor T αβ does not have any straightforward representation in terms of the hydrodynamic variables. Start the analysis of T αβ with the single particle case. In this case n = a 2 , v = ∇S/m, u = 0, and
The momentum balance equation contains the divergence of tensor T αβ :
Let us mention that tensor T αβ simplifies for the bosons being in the Bose-Einstein condensate state due to the fact that all particles are in the same state. Hence, the calculations almost reduces to the single particle case.
Another example is the ideal gas of fermions at the arbitrary temperature. The single particle wave function of all fermions are well-known. Hence, use them to calculate (20) .
The plane waves ϕ k = A · e ıkr have constant amplitudes, so ∂ α i a = 0. It gives the quantum Bohm potential equal to zero.
This example of the explicit calculation of the quantum Bohm potential for particular cases. However, a part of tensor T αβ can be calculated for the arbitrary single particle wave functions.
(23) The first term in equation (23) corresponds to the linear part of T αβ at the analysis of the small amplitude perturbations. Hence, it can be used to study the wave phenomena. However, the second term requires an equation of state. As a rough approximation, allowing an estimation of the nonlinear term contribution, consider the nonlinear term existing in the single particle case (21) .
It provides the structure of the momentum flux tensor:
Similar calculations which are rather more bulky gives the representation of flux of the momentum flux:
presents the purely thermal part of tensor M αβγ , 27) gives the purely quantum part of tensor M αβγ (equation (27) is a simplified form of tensor T αβγ analogous to equation (21) , the general form of T αβγ similar to equation (20) is not demonstrated), and L αβγ presents quantum-thermal terms
Next consider equation of state for tensor L αβγ in the weakly interacting limit. To this end, the plane function approximation for the single particle states can be used. For the plane waves the amplitude a is a constant. Therefore, the first group of terms in equation (28) can be nonzero, while other terms containing the derivatives of the amplitude are equal to zero. Consider the first group of terms. The space derivative can be taken out of the integral since the amplitude is constant. Remaining integral is proportional to the thermal current (14) . Hence, it is equal to zero. Therefore, it is obtained that tensor L αβγ = 0 in the plane wave approximation. This result is used below for the truncation of the chain of equations.
Tensor T αβγ presented by equation (27) can be presented in a form similar to representation (20) for tensor T αβ .
The first group of terms in equation (27) which is proportional to n/3 is the exact result for the arbitrary distribution of particles on quantum states. Other terms in equation (27) are written in the single particle approximation as an approximate equation of state for the system of degenerate fermions.
Substitute tensors Π αβ and M αβγ presented via the velocity field into the left-hand side of equation (9) find the following representation of the left-hand side
where the continuity and Euler equations are used to eliminate ∂ t n and ∂ t v.
Next, consider the representation of the right-hand side of the momentum flux evolution equation (9) at the introduction of the velocity field
Combine equations (29) and (30) and find
The pressure p αβ is an isotropic tensor p αβ = p βα . In the simple isotropic equilibrium states described by the Maxwellian or Fermi-Dirac distribution the thermal pressure tensor is proportional to the unit tensor p αβ eq = p·δ αβ . The scalar pressure p is a traditional physical quantity. Moreover, the existence of the scalar pressure illustrates the isotropy of the system. If there is an anisotropy direction the diagonal pressure includes different elements diag(p αβ ) = {p ⊥ , p ⊥ , p }. Hence, it is useful to use the scalar pressure p for the isotropic systems. However, the deviation from the equilibrium state existing in waves and other phenomena leads to nonzero nondiagonal elements which can be introduced as an independent variable π αβ . Hence, the pressure tensor has the following structure: p αβ = p · δ αβ + π αβ , where T rπ αβ = π αα = 0, and p = T rp αβ /3.
All terms (except ∂ γ T αβγ ) in equation (31) are proportional to the thermal velocity.
The left-hand side of equation (31) contains the kinematic terms, while the right-hand side contains interaction. It is interesting to point out that there is no action of the external potential in this equation.
Consider equation for the scalar pressure p. Multiply equation (31) by δ αβ /3
Consider the equilibrium case for the noninteracting classic particles then we can drop the right-hand side of equation (32), drop L ααγ and T ααγ (for classic particles), and drop π αγ since π αγ corresponds to the nonequilibrium states.
Introduce the full derivative d/dt ≡ ∂ t +v·∇ and apply the continuity equation for ∂ α v α = (1/n)dn/dt.
After described simplifications and manipulations equation (32) simplifies to dp dt
where q α ≡ Q αββ = Q ββα . Let us make few comments on the truncation of the derived chain of equations for degenerate fermions. Account of the next order equations (equation for the average of higher degree of the momentum operator j α , Π αβ , M αβγ , etc) and calculation of appearing corrections gives a possibility to understand validity of the application of the hydrodynamic equation set restricted by the lower order [8, 9] . Functions π αβ and Q αβγ vanish for the locally equilibrium distribution functions.
III. SHORT RANGE INTERACTION IN THE MOMENTUM BALANCE EQUATION
The short range interaction is presented in two equations. They are the momentum balance equation and the momentum flux evolution equation. Consider them separately.
The analysis is different for the identical particles and the interaction of particles of different species. Start our consideration with the identical particles.
A. Identical particles
The hydrodynamic equations can be truncated after obtaining of the momentum balance equation or the after the account of the higher rank tensors evolution like the momentum flux Π αβ . Anyway, it requires approximate calculation of the force field. An equation for the twoparticle concentration or for the quantum stress tensor can give more detailed picture of interaction, but these generalizations will be consider elsewhere. Present the force field in terms of the many-particle wave function with no application of two-particle concentration:
(34)
At the description of the identical particles it can be symmetrized relatively pair of interacting particles
Next, introducing the coordinates of relative motion and center of mass for each pair of particles R ij = 1 2 (r i + r j ), r ij = r i − r j , represent coordinates of i-th and j-th particles via r ij and R ij .
Here, the symmetry of the wave function Ψ(R, t) relatively the permutation of particles is used. Function Ψ(..., r i , ..., r j , ..., t) is presented in equation (34) and in the first term in equation (35) . Function Ψ(..., r j , ..., r i , ..., t) is used in the second term in equation (35) , where notation j is used instead of i, but it is represented via (−1)Ψ(..., r i , ..., r j , ..., t). However, the sign does not affect the square of the wave function module Ψ * (R, t)Ψ(R, t).
The wave functions Ψ(R, t) entering the equation (35) have the following explicit structure of arguments:
After the expansion in the Teylor series up to the third order of the small parameter r ij obtain the following expression:
for R ij located at the j-th place, and c.c. is the complex conjugation. In equation (37) and similar equations below we have dR = dR N −2 dR ij dr ij . Einstein rule of summation on the repeating index is assumed here and below.
The expression (37) can be rewritten in a more compact form via the derivatives of the product of the wave functions Ψ * (R ′ , t)Ψ(R ′ , t). However, the explicit form (37) is more useful for the further analysis.
Consider the spin-polarized fermions with the full spin polarization. It means that the spin part of the wave function is symmetric relatively the permutations of particles while the coordinate part of the wave function is antisymmetric. The force field (37) explicitly contains the wave function Ψ(R ′ , t), where two arguments coincides. Hence, the terms containing Ψ(R ′ , t) are equal to zero since the function Ψ(R ′ , t) = 0 due to the antisymmetry.
Consequently, equation (37) simplifies to the following force field
The force field (37) can be rewritten via the stress tensor of quantum gas: F α int = −∂ β σ αβ . It happens that this representation of the force field of the short-range interaction appears for the interspecies interaction. The delta function in equation is the single part of the equation which depends on the coordinate r. Therefore, the derivative ∂ α can be placed in front of the integral. Recalling the summation index from α to β while free index placed in ∇ i U (r ij ) call α. It provides the final form of the quantum stress tensor
The quantum stress tensor allows to rewrite the Euler equation in the following form:
where the current is represented via the velocity field j(r, t) = n(r, t)v(r, t).
Integral over r ij and integral over R ij are independent. Separate them explicitly. Include that the sum over i and j gives N (N − 1) identical pairs of the interacting particles. Integral over R ij is illiminated via the delta function δ(r − R ij ). The result for the quantum stress tensor can be presented in the following form
and
with R ′′ = {r 1 , ..., r, ..., r ′ , ..., r N }, where r and r ′ are placed in i-th and j-th places, correspondingly. Particularly, the calculation of the tensor Υ αβγδ 2 (42) for the isotropic potential of the interatomic interaction gives one scalar interaction constant in the following way:
where g 2 = 1 3 r 2 U (r)dr, and
Consider the interaction of fermions with the same spin projection. It describes the fermions if the system of fermions has the full spin polarization. Or it gives the partial description for the partial spin polarization or for the zero spin polarization.
Let us present further calculation of equation (43) . To this end, write the many-particle wave function in the representation of the occupation numbers
Next, present an expansion of the wave function in the weakly interacting limit as the Slater determinant [27] :
The following normalization integral is used for the N − 2 particle wave function from equation (47) 
For the product of the wave functions we find
After simplification the product of the wave functions can be represented as follows
Similar representation can be done for the derivative of the wave function presented in the expression under the integral in equations (39) and (43) 
(see Appendix A)
Consider the trace of the function find superposition of four identical terms
where (41) and (40) give an intermediate representation of the interaction in the Euler equation. Further interpretation and combination of our results for the Euler and the momentum flux evolution equations are presented below. Adaptation of the obtained results for the fermions with different spin polarization are described below either.
Substituting equations (44), (45) and equation (51) in equation (41) and obtain the quantum stress tensor in terms of the single particle wave functions as follows:
where ϕ g (r, t) are the arbitrary single-particle wave functions. The quantity g n g (∂ α ϕ * g )∂ β ϕ g , in the plane wave approximation is similar to m 2 /h 2 Π αβ , but they are not equal to each other. The tensor g n g (∂ α ϕ * g )∂ β ϕ g equals to the sum
Include that tensor g γδ is multiplied by the symmetric tensor Υ αβγδ 2 therefore the last (imaginary) term gives no contribution in the quantum stress tensor σ αβ .
If we do not consider evolution of the pressure we need to use an equation of state to close the set of equations.
The kinetic pressure tensor is diagonal p αβ = p ↑↑ δ αβ , and that p ↑↑ = (6π 2 ) 2/3h2 n 5/3 /5m 2 [28] . It is explicitly seen that physics dimension of pressure is changed by multiplier 1/m. It is done to give symmetric presentation for equations given through the paper. The multiplier 1/m can be replaced in front of pressure tensor p αβ to restore the traditional physical dimension.
Finally, we derive the expression for the stress tensor in the form
In Ref. [11] term g n g ϕ * g ∂ α ϕ g was interpreted via the current j α . However, more accurate analysis presented above shows that g n g ϕ * g ∂ α ϕ g has an imaginary part proportional to the gradient of the concentration. The account of this part compensate derivatives of concentration coming from g n g ∂ α ϕ * g · ∂ β ϕ g , as it is presented before equation (53). Hence, the final equation for the quantum stress tensor (53) becomes relatively simple. Moreover, it is a local term since it is proportional to the first derivative of the concentration. It make fundamental difference from the older results for fermions or the third order by the interaction radius model of bosons [11] , [29] , [30] , where the third order by the interaction radius approximation is presented via nonlocal terms containing hither derivatives of concentration or the products of the first derivatives.
In this paper we are focused on the extended hydrodynamics of the degenerate fermions. Therefore, we consider the evolution of the pressure. Hence, we find a more general expression for the quantum stress tensor:
There is an association with the p-wave [31, 32] . Moreover, d-waves are also consider in context of quantum gases [33] [34] [35] .
B. Different species
Generally speaking, all fermions of the single species are equivalent. Hence, all permutations of arguments and symmetries used in equations (34)-(36) are applicable for fermions in the same spin state and fermions in different spin states. However, approximate analysis of noninteracting fermions shows that the best approximation for the many-particle wave function in terms of the single-particle wave functions is the product of two (for spin-1/2) Slater determinants [36] [37] [38] (see eq. 5). The first determinant for the spin-up fermions and the second determinant for the spin-down fermions. Each determinant ensures the antisymmetry of the coordinate part of the wave function relatively permutations of fermions with the same spin projection. However, there is no symmetry for the pair of fermions with different spin projections. Therefore, they are considered as two different species. Consequently, we present an independent analysis of the interaction of fermions with different spin projections. Start with equation (34) .
Substitute the coordinates of the i-th and j-th particles via their center of mass and the coordinate of their relative motion
Expand the obtained equation (55) on the coordinate of the relative motion. Let us present the expansion for the delta function limited by the third order
Next, let us present the expansion for the wave function
In order to study the interaction up to the third order by the interaction radius we make the expansion up to the third order on the coordinate of the relative motion.
Substituting these expansions into the force field (55) find a rather large expression, where we have four kinds of terms. These terms differ from each other by the degree of the relative distance, having terms from the zeroth and up to the third degree. After integration over the relative distance find that terms of the zeroth and second orders go to zero. Hence, we have expressions in the first and third order by the interaction radius.
Consider the terms existing in the first order by the interaction radius:
where FOIR stands for the first order by the interaction radius. Let us repeat the following notations
Integral over the relative motion can be separated from other in the force field (58) (in both terms). It can be presented as the following second-rank tensor
Consider the force field in the regime of weakly interacting particles.
To the start consider
Ψ) presented in the force field (58). Absence of the symmetry allows to write the wave function as the product of partial wave functions without (anti-)symmetrization. Since we have N 1 N 2 equivalent pairs of interacting particles we can consider N 1 N 2 identical integrals instead of summation on i and j under the integral.
After expansion of the wave function integral I 1 simplifies to the following form
Next, find the representation of integral
The final form of the representation appears after adding of the complex conjugate part: N 1 N 2 (I 1 + c.c.) = n (2) ∂ β n (1) − n (1) ∂ β n (2) .
The derivative acting on the delta function in the first term in the force field (58) can be placed outside of the integral. Remaining integral contains the product of the wave functions ψ * 1 (R ij )ψ * 2 (R ij )ψ 1 (R ij )ψ 2 (R ij ), so it gives the product of concentrations n (1) n (2) 
. Combining all described in the equation (58) find the following result for the force field:
Let us to point out that species "2" is the source of the force acting on species "1".
Consider the force field existing in the third order by the interaction radius in the weakly-interacting limit:
where ψ l = ψ l (R ij ), l = 1, 2, and TOIR stands for third order by the interaction radius. Equation (60) consists of four group of terms which are proportional to the third, second, first and zeroth derivatives of the delta function correspondingly. Calculating each group find that the force field is a function of concentrations of each species of particles
where terms are grouped with accordance with equation (60).
After simplification the force field in the third order by the interaction radius approximation appears in a rather simple form:
Simplified and combined force field appears in the following form:
This result corresponds to equation 54 in Ref. [11] (where parameter Υ = −g). The nonlocal interactions in BECs are described in Refs. [11, 29, 30, 39, 40] . A p-wave scattering model for boson fermion interaction is described in Ref. [41] .
IV. SRI IN THE MOMENTUM FLUX EVOLUTION EQUATION

A. Identical particles
The short-range interaction enters the momentum flux evolution equation via the force tensor field F αβ int which contains the gradient of the potential ∂ α U [r − r ′ ] (similarly to the traditional force field) and the two-particle current-concentration function j α 2 (r, r ′ , t) (instead of the two-particle concentration).
Consider the force tensor field
which is not a symmetric tensor.
Neglecting the thermal part of function j β 2 obtain a relation between the force tensor field and the traditional force vector field:
Therefore, tensor F αβ int can be considered as the flux of the force field.
The account of the thermal part does not change this interpretation. Consider, for instance, the flux of the momentum Π αβ . It contains the macroscopic part of the flux nv α v β = j α v β , but tensor Π αβ contains the thermal part of the flux p αβ which is the traditional thermal pressure.
To the short-range interaction analysis present the force tensor field via the microscopic many-particle wave function
Analysis of the identical particles allows to make a partial symmetrization:
where ∂ α j U [r i − r j ] = −∂ α i U [r i − r j ] and m i = m j = m are used.
To continue we introduce the interparticle distance and the center of mass coordinates for the pair of interacting particles, make the expansion on the interparticle distance up to the third order, include that integral on the interparticle distance is equal to zero for the zeroth and second orders. Moreover, include that in the first and third orders of the expansion of the wave function Ψ(R ′ , t) is equal to zero if it is not affected by other operators. As the result, we obtain the expressions for F αβ int in the first order by the interaction radius and third order by the interaction radius approximations.
Present the force tensor field in the first order by the interaction radius:
Represent the expression for the force tensor field F αβ int in the first order by the interaction radius in the following form:
(69) Here tensor T rg αβ (r, r ′ , t) defined by equation (43) is used.
Let us to point out that (T rg αβ ) * = T rg βα = T rg αβ (in general case). Next, consider a simplified expression (51) for tensor g αβ .
The plane waves can be used as the single particle wave function for the weakly interacting particles ϕ f =k = Ae ıkr .
It
where T rg αβ ∈ Re. Consequently, the force tensor field in the first order by the interaction radius is equal to zero: F αβ int,F OIR = 0.
More general analysis can be applied to F αβ int,F OIR . To this end, use the Madelung decomposition in equation (68) and find the following representation
The expression (70) requires no further analysis. Since the pressure evolution equation contains the symmetric combination of the force tensor fields F αβ : F αβ int,F OIR + F βα int,F OIR . The antisymmetry of expression (70) leads to the zero value of the symmetric combination F αβ int,F OIR + F βα int,F OIR = 0.
Next step is the calculation of the force tensor field appearing in the third order by the interaction radius approximation F αβ int,T OIR . It has a huge expression. Therefore, it is splitted on four groups of terms F αβ int,i , with i = I, II, III, IV : F αβ int,T OIR = IV i=I F αβ int,i . They have the following forms F αβ int,I = 1 4m
F αβ int,II = − 1 4m
and F αβ int,IV = (ıh) 4m
After further calculation in the approximation of the weakly interacting particles find the following expressions for the partial force tensor fields. Start our list with expression for F αβ int,I :
Using the Madelung decomposition and introducing the velocity field in F αβ int,T OIR,I find the following rep-
(76) In the plane wave single particle wave function approximation it becomes equal to zero F αβ int,I = 0 similarly to F αβ int,F OIR discussed above. Expression F αβ int,II equals to zero for arbitrary single particle wave functions ϕ f : F αβ int,II = 0. We also have
diate expressions of the partial force tensor fields via the hydrodynamic functions. Therefore, find some approximate relations between the partial force tensor fields and the hydrodynamic functions.
Let us describe the transformation of equations (77) 
and Ξ α,βγ = g n g (p α ϕ g ) * (p β p γ ϕ g ).
Functions Λ α , P αβ , R αβ , Ξ α,βγ are written in terms of the occupation numbers of the single-particle states. Present the single-particle wave functions via the amplitudes and phases ϕ g = a g e ıSg/h . Next, calculate the described functions including corresponding forms for the hydrodynamic variables: n = g n g ϕ * g ϕ g = g n g a 2 g ,
Consider vector function (80):
Including that the average thermal velocity is equal to zero (14) j α th = 0 find
Present result for tensor P µδ (81) after the segregation of the amplitude and phase of the wave function:
The last (imaginary) term disappears if it is multiplied by the symmetric tensor. Hence, drop the last term and present tensor P αβ via hydrodynamic functions:
where the single-particle approximation is used for the first term similarly to equation (21) . Next, consider tensor R αβ (82). In the considering case it has the following form:
It allows to get a representation via hydrodynamic functions:
where it is included that ∂ α g n g [a 2 g u β g ] = ∂ α j β th = 0. Present similar result for the real part of the third order tensor (83)
where tensor Q βδµ = g n g [a 2 g u β g u δ g u µ g ] equivalent to tensor (26) . Next present result for the imaginary part of the third order tensor (83):
Similarly, obtain the force tensor field F αβ int,IV given by equation (78)
The force field F αβ int,IV contains extra functions which are not introduced above. Their definitions have the fol-lowing form:
Expressions for B αβγ and D α,βγδ in terms of hydrodynamic functions are huge. They are placed in Appendix B. Substitution of all necessary expressions in equation (92) leads to the explicit form of F αβ int,IV :
The quantum terms in equations (91) and (95) contain higher space derivatives. It means that their role is small in the long-wavelength limit. Hence, the analysis of the long-wavelength limit allows a simplification of the force tensor fields (91) and (95) while it does not affect the structure of the of the quantum stress tensor (54). Present the force tensor field in the long-wavelength limit
B. The force tensor field for the interaction of different species
Contribution of the short-range interaction in the momentum flux evolution equation can be found by the analysis of equation (66). Introduce the interparticle distance and the coordinate of center of mass for pair of particles (i-th and j-th particles) belonging to the different species. Next, make the expansion in the series on the interparticle distance r α ij and keep terms up to the third order on r α ij . Similar to the analysis described above, we find that the zeroth and the second orders contributions are equal to zero. Hence, we need to study the contributions in the first order by the interaction radius and third order by the interaction radius approximations. Consider these groups of terms separately. Start our calculation with terms existing in the first order by the interaction radius approximation. After the expansion we include that Ψ(R ′ ) = 0 while ∂ α Ri Ψ(R ′ ) and other derivatives of the expanded wave function are not zero. It gives us the following expression for the force tensor field:
Here there are two groups of terms: one with the derivative of the delta function, and another one without derivative of the delta function. Calculation gives the following expression containing contributions of both groups F αβ int,F OIR = − 1 2 g∂ α (n (2) · j β (1) ) − 1 2 g(j β (1) ∂ α n (2) − n (2) ∂ α j β (1) ) which provides the following combination
The expression for the force tensor field in the third order by the interaction radius approximation is rather large in this regime. Hence, it is presented as a combi-nation of the partial force tensor fields. It is splitted on three parts presented below:
and F αβ T OIR,2 = 1 2m
After calculation find the following representations of the corresponding partial force tensor fields:
Their combination gives the following force tensor field
where subindex (1) describes the system under study, subindex (2) represents the species acting on our system.
The following relations exist between the tensor and scalar interaction constants for the isotropic interaction:
V. CONTRIBUTION OF THE SRI IN THE PRESSURE EVOLUTION EQUATION
The contribution of the short-range interaction in the momentum flux Π αβ evolution equation is calculated above. Next, it is necessary to consider contribution of the short-range interaction in the pressure p αβ evolution equation following our analysis near equation (31) .
Equation (31) can be rewritten via general force field F α and the force tensor field F αβ :
Analysis of tensor L αβγ presented after equation (28) shows that L αβγ = 0 can be used as an equation of state.
Consider F αβ + F βα − F α v β − F β v α for interaction between particles of the same species and for interaction between species separately.
Start with regime of different species and find F αβ + F βα − F α v β − F β v α = 0. Consider of each pair like F αβ − F α v β by substituting equations (63), (98), and (105) and find F αβ − F α v β = 0.
Next, consider combination F αβ − F α v β for the interaction of the particles of the same species. First, mention that F αβ and F α are equal to zero in the first order by the interaction radius approximation.
The force field F α = −∂ β σ αβ is presented via the quantum stress tensor (54). Combination F αβ − F α v β entering the right-hand side of the pressure tensor evolution equation (106) has the following form:
Full expression for the right-hand side of the pressure evolution equation (106) has the following form
(107) The left-hand side of the pressure evolution equation (106) requires an equation of state for tensor Q αβγ . Moreover, this tensor is a part of the force tensor field F αβ . Calculate it for the equilibrium distribution function for the degenerate fermions:
is the theta function (the function of Heaviside), and p F e is the Fermi momentum. Presented integral splits on product of two integrals on the module of the momentum and the angle part: (2/(2πh) 3 ) pF e 0 p 5 dp = (3/8)πh 3 n 2 0 and n α p n β p n γ p dΩ = 0, where n p = p/p is the unit vector in the momentum space, and Ω is the solid angle. It gives the zero value of the considered tensor Q αβγ = 0 as an equation of state.
VI. HYDRODYNAMIC EQUATIONS IN THE FIRST ORDER BY THE INTERACTION RADIUS
Nonzero contribution of the interaction in the first order by the interaction radius exists for nonpolarized or the partially polarized systems while the fully polarized systems have zero contribution in this case as it is described above.
A. A minimal coupling model: separate spin evolution
Summarize the results obtained in Secs. II and III including the interaction in the first order by the interaction radius approximation. Consider the evolution of fermions with different spin projections separately.
In this regime we have two continuity equations:
We also have two Euler (momentum balance) equations
The short-range interaction does not change the partial concentrations.
Similar approach and notations are used in Ref. [38] studying two-dimensional dipolar fermions.
The spin-spin interaction is not included in equations (108)-(111), but it gives the change of the partial concentrations and partial currents (see Ref. [25] ).
Minimal coupling assumes the application of the continuity and Euler equation with no account of the pressure evolution, but application of the equation of state for the reduction of the pressure evolution to the concentration evolution.
Equations (108)-(111) correspond to the non-linear Schrödinger equation for fermions or more precisely nonlinear Pauli equation:
which is in a way similar to traditional Gross-Pitaevskii equation for BEC [6] , witĥ
where π s ≡ (6π 2 n s ) 2 3h 2 /2m, and
where v ↑ = ∇φ ↑ and v ↓ = ∇φ ↓ . The last term in equation (112) describes the interparticle interaction. This interaction happens between fermions of different spin projections. It contains the cubic nonlinearity. The second term on the right-hand side of non-linear Pauli equation (112) is cased by the Fermi pressure. It is a non-linear term with the fractional nonlinearity.
B. A minimal coupling model: single fluid approach
Full concentration is the sum of the partial concentrations n = n ↑ +n ↓ . Same correct for the current j = j ↑ +j ↓ and the momentum flux Π αβ = Π αβ ↑ + Π αβ ↓ . When, equations for the spin-up and spin-down fermions combines in the following equations:
where ϑ = 1 2 (1 + η)
After all, obtained result can be rewritten via the quantum stress tensor in the first order by the interaction radius:
However, the quantum stress is not written in terms of the single fluid model. Use the representation of the partial concentrations via the full concentration and the spin polarization η =| n ↑ − n ↓ | /(n ↑ + n ↓ ). Consequently, we obtain the quantum stress tensor via the concentration of all fermions
Equations (115), (116) correspond to the non-linear Schrödinger equation for fermions:
which is in a way similar to traditional Gross-Pitaevskii equation for BEC [6] , with
where v = ∇φ. Equation (120) includes two nonlinear terms. One of them has fractional nonlinearity and caused by the Fermi pressure (the third term on the right-hand side). Another nonlinear term is related to the interaction between fermions with different spin projections in the first order by the interaction radius. Equation (120) is a single fluid reduction of equation (112).
Equation similar to non-linear Schrödinger equation (120) are used in literature [42] [43] [44] [45] [46] [47] [48] , but the partial spin polarization is not included there.
VII. HYDRODYNAMIC MINIMAL COUPLING MODEL IN THIRD ORDER BY THE INTERACTION RADIUS
A. Regime of the full spin polarization
The quantum stress tensor given by equation (53) is a part of the following Euler equation written up to the third order by the interaction radius
where the right-hand side of equation (122) shows interaction between fermions of the single spin polarization. The Euler equation (122) together with the continuity equation of the traditional form (115) can be represented as non-linear Schrödinger equation:
This non-linear Schrödinger equation contains two non-liner terms. Both of them have fractional nonlinearity. One of them is the third term on the right-hand side which is caused by the Fermi pressure. The second nonlinear term is related to the interaction between fermions of the same spin projection. It is presented by the last term in equation (123).
Equation (123) shows some resemblance to the energy density functional presented by eq. 5 in Ref. [41] and eq. 12 in Ref. [31] . It is based on an effective many-particlelook Hamiltonian containing the quasi-potential including p-wave term containing nonzero momentum difference of the interacting particles. If momentums are the operators of momentum it means higher derivatives of the wave function just like in our expansion.
Fermions are studied by a set of different hydrodynamic models. For instance, there is the Thomas-Fermivon Weizsäcker hydrodynamic theory [16, 17] applied for examination of a zero-temperature, spin-polarized, harmonically trapped, dipolar Fermi gas.
If equation of state is considered, present the macroscopic wave function Φ as Φ = Φ 0 e −ıµt/h , where µ is the chemical potential and Φ 0 is a constant at zero external field V ext = 0. Consequently, find the derivation of the chemical potential from the Fermi energy caused by the interaction between fermions of the same spin projection:
where n =| Φ 0 | 2 . The change of the chemical potential is found for the zero temperature. The second term in equation (124) has stronger dependence on the concentration of fermions. Since, chemical potential (124) is found in the limit of small interaction. Hence, the second term in (124) can be applied for the relatively small concentrations, which, nevertheless, are suitable for the experiments with ultracold fermions.
B. Partial spin polarization and separate spin evolution
Separate spin evolution presented by equations (110) and (111) can be studied in more details at the account of the third order by the interaction radius:
where g 2 ≡ g 2,↑↑ = g 2,↓↓ , and the right-hand sides of the Euler equations include the interspecies interaction in accordance with equation (63). Equations (125) and (126) have similar to each other structure. Hence, describe structure of one of them. The first term on the left-hand side of equation (125) is the substantional derivative of the velocity field. the second term is the action of the external field on the particles. The third (the fourth) term is the quantum Bohm potential (the gradient of partial Fermi pressure). The righthand side contains the interparticle interaction. The first term on the right-hand side of equation (125) presents the interaction between spin-up fermions which appears in the third order by the interaction radius. Other terms on the right-hand side describe action of the spin-down fermions on the spin-up fermions (in the first and third orders by the interaction radius, correspondingly).
Equations (125) and (126) together with the continuity equations (108) and (109) can be rewritten via the nonlinear Pauli equation: 
Equation (127) is a generalization of equations (112), (120), and (123). Equation (127) contains four nonlinear terms. The second term on the right-hand side is caused by the Fermi pressure. Three other terms are related to the interparticle interaction. The fourth and fifth terms on the right-hand side describe interaction between fermions with different spin projections in the first and third orders by the interaction radius, correspondingly. The fifth term includes the nonlocal nonlinearity since it contains the second order derivatives of the particle concentration. The last term in equation (127) describes the interaction between fermions with the same spin projection. Equation (127) allows to make a reduction to the single fluid form similarly to the reduction of equation (112) to equation (120). Consider the single fluid regime at the partial spin polarization appearing from equations (125) and (126)
where ϑ is given by equation (117). The Euler equation (128) is the single fluid reduction of equations (125) and (126). Therefore, the physical meaning of different terms is similar to the corresponding terms in equations (125) and (126).
VIII. SEPARATE SPIN EVOLUTION HYDRODYNAMIC MODEL WITH THE PRESSURE EVOLUTION
Present the full set of the separate spin evolution quantum hydrodynamic equations including the pressure tensor evolution equation.
Start with the continuity equations;
Next, the Euler equations are shown:
where s =↑, ↓ and s ′ = s, so s ′ presents the different spin projection. In equation (130) there is a difference with equations (125) and (126) since no equation of state is used for the pressure tensor. The pressure tensor evolution equation for fermions with a chosen spin projection has the following form: (131) where s =↑, ↓, and tensor T αβγ s is given by equation (27) . As it is demonstrated in Sec. V, the interspecies interaction does not enter equation for the pressure tensor evolution.
IX. COLLECTIVE EXCITATIONS
A. Minimal coupling model up to the third order by the interaction radius
Consider the small amplitude perturbations of the equilibrium state and focus on the linear properties.
Full spin polarization
Considering single fluid model we have two functions n and v. Consider the uniform equilibrium concentration n 0 and zero velocity field. After account of the perturbations functions have the following structure n = n 0 + δn and v = δv. Perturbations are considered as the plane wave δn = N e −ıωt+ıkx and δv = Ue −ıωt+ıkx .
Spectrum of the collective excitations propagating as the plane wave in the infinite uniform degenerate fermions (an analog of the Bogoliubov spectrum in BEC) is
Spectrum (132) corresponds to the result of Ref. [11] (see equation 64), but coefficients caused by pressure are different. Spectrum of collective excitations in the regime of full spin polarization is discussed in more details in [49] .
Partial and zero spin polarizations in the single fluid approach
If the partially spin polarized fermions are described as the single fluid we obtain one wave solution similar to the previous case. However, the interaction between fermions of different spin projections gives extra contribution in the spectrum. The partial spin contribution modifies almost all coefficients
Coefficients ϑ (see (117)) and (1 + η) 8 3 + (1 − η) 8 3 in the first and third terms on the right-hand side show that the increase of the spin polarization increases contribution of these terms via the increase of the pressure. However, the third term is negative (for the repulsive interaction g 2 > 0). Hence, its increase decreases the frequency ω. The third term has higher dependence on the spin polarization. Consequently, the increase of the spin polarization decreases the frequency. Moreover, two last terms decreases with the grough of the spin polarization. Their combined contribution is negative (for the repulsive interaction g 2 > 0). Hence, it gives a mechanism for the frequency increase at the increase of the spin polarization. Therefore, there is a competition between different terms and a way of change of the frequency as the function of the spin polarization depends on the relation between parameters of the system. Dropping terms caused by the TOIR and quantum Bohm potential find two terms: the pressure caused term and the FOIR term (s-scattering). These terms show stability of the spectrum at the attractive interaction between fermions with opposite spin projections. This conclusion is in conflict with the well-known phenomenon: the formation of Cooper pairs and formation BCS-state. It corresponds to instability of fermions as system described as a composition of independent fermions. Hence, the developed fluid model fails to described this effect. Therefore, this model is applicable for the repulsive interaction between fermions of different spin polarization as it is mention in the beginning of this paper.
SSE at the partial spin polarization
Here we study spectrum of waves appearing in the two fluid description of the partially spin polarized spin-1/2 fermions. Our analysis is based on equations (125) and (126) which are a generalizations of equations (110) and (111).
In this regime the system is described by two concentrations n ↑ and n ↓ and two velocity fields v ↑ and v ↓ . Equilibrium state is described by nonzero concentrations n 0↑ and n 0↓ and zero velocity fields. Hence, the considering functions have the following structure n s = n 0s + δn s and v s = δv s with the following structure of perturbations δn s = N s e −ıωt+ıkx and δv s = U s e −ıωt+ıkx .
As the result obtain spectrum
(134) which consist of two acoustic waves while single fluid approaches given by equations (132) and (133) show the single acoustic wave.
B. Extended hydrodynamic model up to the third order by the interaction radius Spectra for the single fluid and two fluid models of spin-1/2 fermions are given above for the regime of minimal coupling which does not include the pressure evolution. Let us use the extended hydrodynamic model containing the pressure evolution equation to find generalizations of obtained spectra.
In this regime include nonzero equilibrium values of the partial concentrations n 0u = n 0d and partial diagonal pressures p 0u = p 0d while nondiagonal equilibrium elements of the pressure tensor and the equilibrium velocity field are equal to zero. Considering functions present in the following form n s = n 0s + δn s , v s = δv s , and 
and −ıωδp αβ s + ık α p 0s δv β s + ık β p 0s δv α s + ık γ p 0s δ αβ δv γ s − ıh 2 4m 2 n 0s (k α k 2 δv β s + k β k 2 δv α s − 2k α k β k γ δv γ s ) = 0, (137) where it has been used that p αβ 0s = p 0s δ αβ , and I αβγγ
Linearized equations (135)-(137) are presented for the arbitrary wave vector. Simplify these equations for the chosen regime. As the result find the following set of equations: 
and ωδp yy s = ωδp zz s = p 0s kδv sx .
If there is no interspecies interaction find the single acoustic wave with the following spectrum:
where equilibrium pressure can be used in the standard form p 0 = (3π 2 ) 2 3h 2 n 5 3 0 /5m 2 for the zero spin polarization and p 0 = (6π 2 ) 2 3h 2 n 5 3 0 /5m 2 for the full spin polarization. Let us repeat that in this paper the pressure includes an extra multiplier 1/m so its physical dimension differs from traditional. As it is mentioned above, the modification of the pressure physics dimension is made to give symmetric form of equations.
Equation (142) gives the spectrum of excitations in uniform medium for isotropic Fermi surface. However, the trap influence and the anisotropy of the Fermi surface are discussed in Ref. [49] .
For the nontrivial two species evolution with the interspecies interaction included up to the third order by the interaction radius, find the following spectrum consisting of two acoustic waves: .
(143)
Equation (142) shows that the account of the pressure evolution changes coefficients in the first and second terms of equation (132) which defines the speed of sound. The last term can be modified either. However, it requires further extend of the set of hydrodynamic equations. The obtained model gives a correct description of terms up to the second order on the wave vector in the expression for the frequency square. Hence, we have a model suitable for the sound wave modeling in the main order. The sound wave spectrum for the two fluid description of spin-1/2 fermions (143) contains similar generalization of equation (134) caused by the pressure evolution.
Spectra (142) and (143) gives an illustration of the pressure evolution contribution. It gives considerable contribution in main order in the sound wave spectrum. Further analysis of these effects including the spectra of collective excitations will be addressed elsewhere. Thus, the pressure evolution account is the necessary step to obtain a proper hydrodynamic model of repulsing ultracold fermions.
X. CONCLUSION
A set of hydrodynamic models for the degenerate fermions with the short-range interaction has been developed. The short-range interaction has been calculated up to the third order by the interaction radius. It has been found that the hydrodynamic model based on the continuity and the Euler equation gives a rough, but qualitatively good description of fermions. This approximation allows to introduce the non-linear Schrödinger and nonlinear Pauli equations for the macroscopic wave function at the eddy-free motion.
A more realistic hydrodynamic model of fermions requires the account of the pressure tensor evolution. This approximate allows better description of kinetic effects in degenerate fermions. The short-range interaction is calculated in the weakly interacting limit. Both, the interaction between fermions of the same spin projection and the interaction between fermions with different spin projections are included. Ultracold fermions is a complex system. If interaction between spin-up and spin-down fermions is repulsive there is a normal degenerate system. While at the attractive interaction system undergoes the transition to be formed Cooper pairs.
Presented derivation is started from the concentration of fermions. So, the basic definition does not include the information about Cooper pairs formation. Hence, the described derivation is unsuitable for the attractive interaction between fermions with different spin projections. Consistent account of tensors of higher dimensions v α , Π αβ , Q αβγ , etc, gives better description of the kinetic effects in terms of hydrodynamic model. Hence, two kinds of truncations are presented. One includes the concentration n and the velocity field v α evolution and uses an equation of state for the pressure. It provides a traditional form of hydrodynamic equations consisting of continuity and Euler equations. The Euler equation includes interaction between fermions of different spin projections (it has been considered up to the third order by the interaction radius) and interaction between fermions of the same spin projection (it has nontrivial contribution in the third order by the interaction radius while zero contribution appears in the first order by the interaction radius). The terms appearing in the third order by the interaction radius show resemblance to the p-wave scattering terms.
This approximation based on the continuity and Euler equations is called the minimal coupling model. It is presented in two regimes.
The first regime presents all fermions as one system (as a single fluid). The spin polarization enters equations as a parameter. A nonlinear Schrödinger equation is derived for fermions for the eddy-free motion. The single fluid limit leads to single bulk wave solution which is the sound wave supported by the Fermi pressure and affected by the interaction.
The second regime for the minimal coupling model presents evolution of spin-1/2 fermions as dynamics of two fluids. Each of them is associated with fermions with chosen spin projection. Consequently, two continuity equations and two Euler equations are found. Corresponding nonlinear Pauli equation is derived for the eddy-free motion of each fluid. Analysis of collective dynamics of this regime gives two sound waves.
Next, an extended set of hydrodynamic equation has been presented. It includes the evolution of the pressure tensor. The results are presented for the two fluid approach, but it can be straightforwardly reduced to the single fluid by methods described in the paper. The pressure evolution equation does not contain the external field. Moreover, the interaction between fermions having different spin projections does not contribute in the pressure evolution equation either. The interaction between fermions having same spin projection enters the pressure evolution equation, but it has nontrivial contribution in the third order by the interaction radius. The first order contribution is equal to zero. Same as it is for the Euler equation. It is related to the antisymmetry of the wave function of fermions. Using analogy described above, it can be described as the pressure evolution equation, where the interaction between fermions is considered in p-wave scattering limit.
The extended hydrodynamic model is applied to study the bulk collective excitations.
The spectra are considered in the single fluid and two fluid limits. The single fluid limit gives one longitudinal sound wave. Its spectrum is a generalization of corresponding spectrum found in the single fluid minimal coupling model. The speed of sound is changed in this limit from v F e / √ 3 to 3/5v F e (this is an illustration for the zero spin polarization). Moreover, generalized spectrum gives modified dependence on the interaction constant g 2 .
Obviously, the two-fluid extended hydrodynamic model demonstrates two longitudinal waves and gives generalization of spectra found from the minimal coupling model.
A hydrodynamic model covering wide range of phenomena in degenerate repulsive fermions is derived from the microscopic model. Fundamental collective excitations of fermions can be studied in terms of derived model.
XI. APPENDIX A: EXPANSION OF THE DERIVATIVES OF THE WAVE FUNCTIONS
Calculation of g αβ (r, r ′ , t) includes the expansion of the derivatives of the many-particle wave functions which are demonstrated here:
where ∂ ′ γ is the derivative on gamma projection of the vector r ′ .
